We calculate the multiplicity of heavy quark pairs in e + e ? annihilation events, which arises from perturbative gluon splitting. Our result is exact to leading order in s ; and resums large leading and next-to-leading logarithmic terms to all orders. We compare our results with Monte Carlo models, and nd reasonable agreement with those based on the parton shower approach.
Introduction
Heavy quark production in e + e ? annihilation is an important laboratory for a variety of physics processes. It is possible to separately measure the partial width of the Z boson to the heavy quark avours 1], constraining the electroweak parameters of the Standard Model. Many features of the associated events are reliably predicted by perturbative QCD, and provide independent tests of the theory. In particular, di erences between the properties of heavy quark and light quark events are generally under better theoretical control than the absolute properties of either 2, 3] . Most of these studies are concerned with primary heavy quarks that are produced in the e + e ? annihilation itself. However, another source arises from events in which the primary quarks emit gluons that split perturbatively into heavy quarks. Although interesting in their own right, such quarks are generally considered as backgrounds to the other studies. In this paper we calculate their average multiplicity in e + e ? annihilation. This should be added to the electroweak partial width to predict the inclusive cross-section for heavy quark production.
There have been many theoretical studies of heavy quark production by gluon splitting in hadron collisions 4{6], where the multiplicity is high because the jets produced are predominatly gluon-initiated. It can be reliably calculated in perturbation theory because it is an infrared nite quantity, as the quark mass provides a natural infrared cuto . However when calculating this multiplicity for jet scales well above the quark mass, large logarithmic terms arise at all orders in the perturbative expansion, spoiling its convergence. To make reliable predictions, these terms must be organised into an improved perturbation series that resums all large terms in the original series 7] . This was done to leading logarithmic accuracy in 5, 6] , resumming all terms of the form n s log m ; m = 2n ? 1 . In e + e ? annihilation to hadrons, where the primary jets are exclusively quark-initiated, the rate is considerably suppressed by the requirement that the quark jets produce a gluon jet at a su cient scale to produce the heavy quark pair. As shown in 6], the resummed results for quark jets are not reliable on their own at current energies, and need to be supplemented by the leading order matrix element. That is, in addition to including the logarithmic terms at all orders, the term proportional to 2 s should use the full expression for the exact dependence on the collision energy and quark mass. This was calculated in 8], but is not reliable without the resummed component. In this paper we recalculate it, and improve the resummed results of 6] to next-to-leading logarithmic accuracy.
Our result predicts an average multiplicity of bottom quark pairs in Z decays due to gluon splitting of 0.18%, which is about 0.8% of their total multiplicity, and is comparable to the current precision of combined results from the four LEP experiments 9]. The result for charm quark pairs is 1.3%, which is 8% of the total multiplicity.
The remainder of this paper is set out as follows: In sections 2 and 3 we give the leading order result, and discuss the accuracy of various approximate forms. In section 4 we calculate the heavy quark multiplicity to next-to-leading logarithmic accuracy, and show how to match this to the leading order expression. In section 5 we give some numerical results, and discuss their accuracy. In section 6 we compare our results with three of the most commonly used Monte Carlo models. Finally in section 7 we summarise the paper. An appendix contains additional details of the calculations discussed in sections 2{4.
Note that our nomenclature is di erent from 6], where these terms were called next-to-leading. The m = 2n terms that are leading in parton multiplicities are absent in the heavy quark case.
Leading Order
It is straightforward to calculate the leading order di erential cross-section for the process ?! q + q + Q + Q; (1) in the approximation where only the light quark, q, couples to the photon. We neglect interference with diagrams where the heavy quark, Q, couples to the photon and the light quark pair is produced by gluon splitting, which is extremely small (see the later discussion). It is a function of ve non-trivial kinematic variables, and does not have a compact form.
If we integrate over the heavy quark momenta however, we arrive at a simple expression with two factorised pieces, corresponding to the emission of an o -shell gluon by thepair and the decay of this gluon, ; where x 2 g = m 2 g =s; x 2 = 4m 2 Q =s; and x 1;2;3 are the energy fractions of the light quark, antiquark and massive gluon respectively. The curly bracket corresponds to the production part, which reduces to the well-known gluon emission formula when the mass is small. In general one would only expect the cross-section to factorise in this limit. However, after boosting to the gluon's rest-frame, the rest of the system can be described by just two angles, and the dependence on each is killed by one of the angular integrations of the heavy quark pair. Thus the gluon decay depends only on its mass, and the cross-section completely factorises. By normalising the cross-section to 0 ; the total cross-section for ?! q + q;
and averaging over the Euler angles, it becomes independent of the identity of the vector boson, and so is equally valid at the Z peak. To integrate this expression to obtain the total cross-section, it is convenient to use the kinematic variables introduced in the dipole model, k 2 ? = (1 ? x 1 )(1 ? x 2 ) and y = (2) o :
The kinematic limits are x g < k ? < (x 2 g + 1)=2 cosh y; log x g < y < ? log x g ;
Two of these dimensions can be integrated analytically to leave a single integral, which must be performed numerically. Interested readers can nd details in the appendix. 
where the neglected terms are zero in the x ! 0 limit. (9) It is interesting that this is exactly the same e ective mass as that which appears in attempts to simplify two-loop calculations by appropriate modi cations to one-loop results 10]. We discuss this in more detail later.
Approximations
In all-order calculational schemes, such as NLLA evolution and Monte Carlo models, various approximations are made to allow sequential splittings to factorise. It is useful to apply the same approximations to the xed-order result, to gauge their accuracy. The rst approximation we consider is to take the limit of small gluon mass in the gluon emission part (the curly bracket of (2)), while retaining the full mass dependence of the gluon decay. We call this the full colour dipole model (fCDM) approximation. We also take the small-mass limit of the phase-space limits, x g < k ? < 1=2 cosh y;
? cosh ?1 1=2x g < y < cosh ?1 1=2x g ;
The resulting integral form is given in the appendix. (11) This approximation correctly reproduces the rst two logarithms, but not the sub-dominant one.
We next consider the full parton shower (fDGLAP) approximation. This takes both the limit of small gluon mass and the collinear limit of the gluon emission part, and extrapolates that to all angles. Since this also reproduces the soft limit and its rst correction, it is a better approximation in general than it sounds. This results in only a minor change relative to the fCDM approximation, x 2 1 + x 2 2 7 ?! 1 + (1 ? x 3 ) 2 (12) in the numerator of the cross-section, with the same phase-space limits. The integral is again given in the appendix, and has the small- (13) Again, this agrees with the full result for the rst two logarithms, but not the sub-dominant one.
We next consider also dropping mass e ects in the gluon decay. We call these the leading (lCDM and lDGLAP) approximations. The e ective mass has not appeared, but the 2 s log 2 terms are otherwise correct. We conclude that from the theoretical viewpoint, the CDM and DGLAP approximations are equally good|both get the leading two logarithms right, but not the sub-leading ones. However, the discrepancy in the next-to-next-to-leading logarithm is less than half the size in the CDM compared to DGLAP, so we would expect it to be numerically a better approximation.
On the other hand, in both cases taking the leading part of the gluon decay results in an incorrect next-to-leading logarithm, so is theoretically unattractive. However, this can be remedied as a calculational prescription, by using the leading result, but with the quark mass, m Q ; replaced by m Q = 1 2 exp(5=6)m. This statement remains true at all orders, as can be seen by comparing the integral over the gluon mass in the leading approximation, 
Thus we can make a next-to-leading logarithmic prediction for the multiplicity of heavy quark pairs in any process at arbitrary order in s ; simply by calculating it in the leading approximation, and then replacing m Q by m Q . This is just as expected from 10] where the e ect of virtual heavy quark loops on the running coupling is considered in a similar way.
Resummed Calculation
The resummed results for the multiplicity of gluons in a quark or gluon were derived to next-to-leading logarithmic accuracy in 11]. Results were also given for the multiplicity of massless quarks but, as discussed in 6], these are only accurate to leading logarithmic order, and give an inaccurate prediction for the preexponential factor. Explicit integration of the next-to-leading multiplicity of gluons with the full gluon splitting kernel will, however, give the correct next-to-leading multiplicity of heavy quark pairs. Since the appropriate integrals are not analytically tractable, we use our experience from the previous section to simplify the problem, by rst using the leading kernel, and then replacing the heavy quark mass by the e ective mass.
We use the same notation as 6], and do not repeat the de nitions here. The relevant integrals are (57{59) of 6], which we improve to next-to-leading logarithmic accuracy in the appendix, We obtain the multiplicity of heavy quark pairs in e + e ? annihilation to light quarks, as This has threshold expansion
where L = log Q=Q 0 . Unlike the rst two terms, the coe cient of 2 s L is not the correct one, since it is a next-to-next-to-leading term. Nevertheless, the value quoted should be subtracted from the resummed result to match it with the xed-order result. This matching is done simply by adding the two results together, and subtracting the terms they have in common, ie. Eq. (26). We nd that very close to threshold for ve or more avours, the matched expression becomes negative, which is of course unphysical. One might consider a more sophisticated matching procedure as used in event shapes, or as in 6], but since the result for b quarks is already well-behaved by p s = 20 GeV, where it is certainly still too small to be observed, we do not consider it necessary.
Numerical Results
In Fig. 1 we show the multiplicity of bottom quark pairs in e + e ? annihilation to light quarks, as a function of the centre-of-mass energy. We set m b = 5 GeV, and = 150 MeV, although it should be noted that this is not relatable to MS ; since the leading scheme-dependent terms are not treated in either the xed-order or resummed part. The resummation is clearly important whenever the multiplicity is large enough to be observed. Also shown is the result of varying by a factor of two, which makes a 25% di erence, roughly constant with energy, and the bottom quark mass by 5%, which makes a 10% di erence at the Z mass, reducing with energy. Table 1 lists the predictions for e + e ? annihilation at the Z mass for all the di erent methods we discuss. Note that the leading order results are in good agreement with 8] y , but that these are much smaller than the full results.
In Fig. 2 we show the equivalent graph for charm quark pairs, with m c = 1:5 GeV. As one would expect, the resummation is more important. From here on, we concentrate on bottom quark pairs, but our comments are equally valid for charm quark pairs.
In Fig. 3 we show the multiplicity of bottom quark pairs at leading order, using the various approximations discussed earlier. As anticipated, CDM is better than DGLAP, and full is better than leading. The fCDM approximation is almost exact over most of the it is equivalent to our Eq. (7). For charm quarks, this di erence is very small, but for bottom quarks (7) overestimates (6) by more than 10%. Using the approximation of (7) and their value of s = 0:12; we obtain exact agreement with 8]. 
hope that since the multiplicity of heavy quarks is completely determined by the multiplicity of gluons, that it would agree with the t to NLLA multiplicity distributions, = 150 MeV, essentially absorbing the common next-to-next-to-leading e ects into the tted value of . If one takes this approach, then the factor of two variation shown is certainly an over-estimate of the uncertainty.
When dealing with quarks, one is never completely free from con nement e ects, even for energy scales far above their mass. These e ects can be absorbed as an e ective quark mass (which should not be confused with the e ective mass de ned earlier, which is purely perturbative, and arises even in QED). Without a more detailed treatment of these e ects, the best one can manage is to vary the quark mass between the current mass 4:75 GeV, and the meson mass 5:25 GeV, as shown in Fig. 1 .
Another uncertainty comes from the fact that the calculation starts from light quarks, while e + e ? annihilation provides an admixture of quark avours, including some charm and bottom quarks. In the following section we estimate this from Monte Carlo, which results in a suppression of up to 10%.
We can estimate the neglected contribution from interference with diagrams where the heavy quark pair emits a gluon that splits to the light quark pair, by using a result from 12]. At leading order in s ; the interference is zero for the vector current because the quark loops each have three vector couplings. The axial terms for degenerate u-and d-type quarks exactly cancel, leaving only terms where the`light' and`heavy' quarks are both bottom quarks. These are infrared nite, so can be calculated in neglect of the quark mass. At the Z mass, this corresponds to less than 1/500th of our result. The rst non-zero term for the vector current would be comparable to this because although it is suppressed by s ; it is not restricted to the bottom quark coupling.
The most di cult uncertainty to estimate is that due to neglected terms in the perturbation series. The variation with gives some indication of its size, since at this order it is equivalent to varying the factorisation scale, and the rst neglected term should cancel this dependence. In the next section we estimate one neglected contribution that enters at next-to-next-to-leading logarithmic accuracy, corrections due to energy conservation, which one might na vely expect to be the largest neglected term. We nd that at the Z mass it makes a di erence of 15%, slowly increasing with energy. Again, the optimistic view would be that the tting of to multiplicity data means that these e ects are included to a large extent, and varying within the range allowed by the t should give the full theoretical uncertainty. Nevertheless we remain more conservative, in quoting the largest uncertainty we have considered, 25%, as the overall theoretical uncertainty. For charm quarks this is 30%. Note that the main neglected e ects reduce the prediction, so we expect our results to give a reasonable upper bound on the actual multiplicity.
Monte Carlo Models
Although Monte Carlo models are less accurate than explicit calculations, they provide a detailed description of the hadron-level nal state, on an event-by-event basis. This means that it is often only possible, or convenient, to compare experimental results with the model predictions. It is therefore important to test the models using analytical results whenever possible, to check that they are accurate representations of the underlying theory.
The three most commonly used models, HERWIG 13], JETSET 14] and ARIADNE 15], all provide descriptions of the parton cascade process that are accurate to leading logarithmic order, together with matching to the rst-order result for the production of a hard gluon. In the light of our analytical results, one might expect them to be accurate to around 20%.
One way in which Monte Carlo results are more reliable than resummed calculations is that they include suppression due to competition for phase-space between di erent types of emission. Namely, between gluon emission and gluon splitting. This is formally a next-tonext-to-leading e ect, and is thus neglected in next-to-leading order analytical calculations, but it can have a radical e ect for certain observables 16] . In a time-ordered picture, the physical origin of this suppression is clear|soft gluons carry away energy, and so emission from the light quark and massive gluon prior to the gluon splitting reduces its energy, and thus the phase-space available for the splitting. At next-to-leading order soft gluons exactly cancel the Sudakov form factor, and so have no in uence on subsequent emissions.
However, the de nition of`time' in which events are ordered is the area in which the models di er most. If there were only one type of emission this would not be important, and all the models would give the same cross-section, but it is obviously an important di erence for competition e ects. In HERWIG, which uses decreasing opening angle as increasing time, many soft gluons are emitted on average before a gluon splitting at a given virtuality. In ARIADNE, which uses decreasing transverse momentum, all previous emission must be harder than the decay of the gluon, so there is rarely any earlier emission. Therefore all else being equal (which of course it never is), one would expect ARIADNE to approximate the next-to-leading order curve, with HERWIG somewhat below it. JETSET, which uses virtuality as ordering variable would lie between the two. This was proposed in 17] as a crucial test to di erentiate between the models. We estimate its size shortly.
In Fig. 4 , we show the model results in comparison with the analytical one. We leave all parameters at their default values, and use HERWIG5.7, JETSET7.3 and a preliminary version of ARIADNE that xes a bug found since the last public version, 4.04 18]. We only generate light quark events, to allow a direct comparison with the analytical result (see below). The statistical errors for JETSET and ARIADNE are not negligible, because many events must be generated to count the small fraction of them that contain heavy quarks. In HERWIG, it is possible to directly generate such events 6] z , and so the statistics are far better. JETSET agrees well with the analytical result, while HERWIG is a little high at the Z mass, falling into good agreement at higher energy. However, ARIADNE lies far above the analytical result.
In Fig. 5 , we show the equivalent for charm quark pairs, where the agreement is not so good. This is because of the charm quark masses used: In JETSET the default is 1.35 GeV and the full expression for gluon decay is used, while in HERWIG the default is 1.8 GeV, onto which is added an infrared cuto of 0.5 GeV and the leading expression for gluon It seems that the over-estimate of the multiplicity predicted by ARIADNE is too large to be explained by competition e ects. Indeed, all else being equal, such e ects can only decrease the model predictions below the analytical one, not increase them. To con rm this however, it would be useful to be able to estimate the size of the competition e ects. In order to do this, we have made a modi ed version of HERWIG that violates energy conservation in exactly the same way as next-to-leading order calculations. That is, when a quark emits a gluon, the gluon's energy is distributed correctly but the quark's energy remains unchanged. When a gluon emits another gluon, one of them has energy distributed according to the asymmetric gluon splitting function, 2(1 ? z)P g g (z); while the other keeps the full energy. This is achieved by rst correctly generating both their energies, and then choosing one of them with probability in proportion to their energy to be the one that takes the full energy. For completeness, when a gluon splits to a quark-antiquark pair both are given the full energy, although this only gives rise to (next-to-) 3 leading e ects, and is numerically insigni cant. Although the events thus generated are nonsensical, it does allow a direct estimate of the size of competition e ects, since everything else is indeed equal. In Fig. 6 we show the results of doing this, where it can be seen that it makes a di erence of about 15% for bottom quarks at the Z mass, rising slowly with energy (the ratio is reasonably t by the form log log p s over the whole p s range we have considered, from 20 GeV to 10 TeV). For charm quarks it makes almost 25% di erence.
In ARIADNE, multiple emission is always generated with strictly ordered transverse momentum, and this is also applied to gluon splitting 17]. This leads to an overcounting of nal states, as can be seen from a formation-time argument 7], or by direct comparison with the matrix-element. We imagine the extreme case of a very heavy quark produced from a relatively low-k ? gluon. In ARIADNE, this is possible provided the invariant p t of the quark relative to its emitting dipole (which is roughly equivalent to the p t relative to the gluon direction) is less than k ? . Thus the gluon splitting is very close to threshold, with the gluon virtuality equal to 2m Q k ? . The formation-time of the emitted gluon, in its emitter's rest-frame is the virtuality of the emitting parton scaled by its Lorentz factor,
where is the opening angle between the gluon and the emitter. For a Q Q pair of mass m; and the same k ? and ; the formation-time has two components, from the quark and gluon virtualities. If we assume that k ? m; as is allowed in ARIADNE, then we obtain
The condition of strongly-ordered formation times, Q Q g is then k ? m (30) in both the small-and large-angle limits, contradicting our assumption, k ? m. One only obtains a consistent formation-time picture, if strong ordering (30) is assumed. This limit depends only on the Q Q pair mass, and not on their kinematics, such as their invariant transverse momentum. It is strongly violated in ARIADNE, leading to an overestimate of the cross-section. Since the multiplicity of gluons increases rapidly with decreasing transverse momentum, this region of phase-space dominates the gluon-splitting process, so the overestimate is large. The usual prescription taken in Monte Carlo models is to replace the strong ordering conditions with strict ordering, requiring
Another way to argue the same point is to consider the particle momenta after reconstruction of the recoils. Using a slightly simpli ed version of ARIADNE's recoil prescription, it is possible to exactly relate the k ? and y originally generated for the gluon, to the variables we used in the leading order calculation ( 
with an unphysical Jacobian peak at K ? m g . Recall that the matrix element contains dK 2 ? =K 2 ? ; with phase-space limit K ? > m g . Since k ? m g is the region of large multiplicity, the overcounting is large.
We conclude that although it is well-known that k ? -ordering is appropriate for massless QCD, simply applying the same rules to processes with massive partons does not always work, and in the case of gluon splitting to massive quarks gives an overestimate of the crosssection. This could be corrected by applying an additional phase-space cut, requiring the virtuality of split gluons to be below the k ? of their production. Results from a preliminary version of ARIADNE that includes this cut are considerably smaller, even falling below the parton shower models 18].
Another advantage of Monte Carlo models is that the mass of the original quarks can be easily incorporated, simply by modifying the q ! qg splitting appropriately. On the other hand, the evolution equations that are solved to obtain the next-to-leading logarithmic multiplicities used above become much more complicated once quark masses are included. We have rerun the models with the correct admixture of quarks for e + e ? annihilation, and nd a suppression at the Z mass of about 10% from HERWIG and 5% from ARIADNE, both decreasing with increasing energy, and no signi cant suppression from JETSET. It is possible that this is due to di erent treatments of the`dead cone' e ect.
Summary
We have calculated the multiplicity of heavy quark pairs due to perturbative gluon splitting in e + e ? annihilation to light quarks, accurate to leading order in s ; and resumming large leading and next-to-leading logarithmic terms to all orders. At the Z mass, we obtain a bottom quark pair multiplicity of 0.18%, corresponding to 0.8% of the total bottom quark multiplicity. For charm quarks, the gures are 1.3% and 8% respectively.
Since our calculation neglects the e ects of the original quark mass, we expect it to be an over-estimate by up to 10%. For bottom quarks we conservatively put the overall uncertainty at about 25%, and for charm quarks at about 30%. If our result and other multiplicity-type results in the next-to-leading logarithmic approximation are as correlated as expected, this uncertainty could be reduced by ts to the other data at the same energy.
Comparing our results with Monte Carlo models, we have found that those based on the parton shower approach agree reasonably well, while ARIADNE, based on the colour dipole model, does not. From our approximate expressions for the leading order matrixelement, we expected the CDM to be a better numerical approximation than DGLAP. The discrepancy appears to be caused by the use of the transverse momentum as the only ordering scale, even when the partons are massive. From our results using the modi ed version of HERWIG, we are con dent that the large di erence between ARIADNE and the parton shower models cannot be explained by competition e ects.
Our results show that for bottom quarks, the gluon splitting process is becoming an important contribution to the measurement of the partial width of the Z boson to bottom quarks, at the accuracy to which current experiments are sensitive. For charm quarks it is already an essential component, and would even be expected to in uence the shape of the energy spectrum, being dominantly at lower energy than direct charm quarks. Since the parton shower models predict the total multiplicity well, one would expect them to make at least a reasonable prediction of this energy spectrum. 
